DSP First, 2/e

Lecture 7C
Fourier Series Examples:
Common Periodic Sighals

READING ASSIGNMENTS

This Lecture:
Appendix C, Section C-2

Various Fourier Series
Pulse Waves
Triangular Wave
Rectified Sinusoids (also in Ch. 3, Sect. 3-5)
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LECTURE OBJECTIVES

Harmonic Signal is Periodic

Use the Fourier Series Integral

ak :T_];)J‘ X(t)e—j(ZEK/TO)tdt

Derive Fourier Series coeffs for common
periodic signals

Draw spectrum from the Fourier Series coeffs

a, is Complex Amplitude for k-th Harmonic
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X(t) _ ZakejZﬂkFot

k=—c0

PERIOD/FREQUENCY of COMPLEX EXPONENTIAL:

2 1
27(F))=w, == or T,=—
0 0 TO 0 FO
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FWRS Fourier Integral - {a,}
Recall FWRS L
ak :_Ix(t)ej(Zﬁ/To)ktdt
X(t) _ ‘Sln(Zﬂ't/Tl)‘ Period iSTO _ %Tl TO 0 Full-Wave Rectified Sine
sin(2mt/T)) e i x(1)= ‘Sin(Zﬂ-t/Tl)‘
| T o a, :%jsin(%t)e"(z”’m"‘dt Period : T, = 1T,
: : _ /. o | = X(t) = [sin(zt/T,)|
7. 4 T o, : _ TLTO ej(ﬂ/TO)t _ e—j(ﬁ/To)t e_j(27z-/T0)ktdt
@ Absolute value flips the 0 2]
0 negative lobes of a sine wave e—j(ﬁ/To)(Zk—l)t To e_j(,,,TO)(Zkﬂ)t To
LT, - JZTO(—j(n/To)(zk—n)‘ 2T (i To) (k)
0 0
t + + ¥ t > _ 2
—2T, ~To 0 T, 27, 4T, t Q=———
e (b) : . (4 -1) 7
FWRS Fourier Coeffs: a, Spectrum from Fourier Series
a, is a function of k Plot|a, | for Full-Wave Rectified Sinusoid
Complex Amplitude for k-th Harmonic
_9 F,=1/T, and ,=2xF,
a, = - < x(4k?-1) 2
7(4k? -1) :
-2 3
Does not depend on the period, T, 3T 37
y 2 2
DC value is @, =2/ x = 0.6336 R s =1
0 637 637
—4F0 —3F —2Fo —Fo 0 Fg ZFO 3Fy 4F ‘;f




Fourier Series Synthesis

Reconstruct From Finite Number
of Harmonic Components

HOW do you APPROXIMATE x(t) ?
TO
_ 1 — (27 Ty)kt
ay =4 j x(t)e dt
0
Use FINITE number of coefficients

N
X(t) = Z:akeﬂ”klzOt a , =a, when x(t) is real
k=—N
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Full-Wave Rectified Sinusoid x(t) =|[sin(zt/T,)|
T,=10ms 2 — -2
—F,=100Hz | ¢ 7x(4k?®-1)

a, =2/ 7 =0.6336

N
XN (t) _ ao + Z{ak ejZ;rkFOt + a;(k e—jZiszot}
k=1

How close is X, (t) to x(t) =[sin(zt/T,)|?
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Full-Wave Rectified Sine {a,}

Reconstruct From Finite Number
of Spectrum Components

— -2 —

& =t = ﬂ(4;2 =y is real — valued
N .
Xy (1) = Z 71'(4;%'—1) el
k=—N
==Z+-a5 e + Y e + P el* + T e,
:i_%ejwot_éefjwot_éeﬂwot_éefﬁwot+_..
=2 L cos(apt) — 2= CoS(2apt) —... — MCOS(NO)O'[)

Plots for N=4 and N=9 are shown next
Excellent Approximation for N=9
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Full-Wave Rectified Sinusoid x(t) =|[sin(zt/T,)|

T.=10ms (a) Sum of DC and 1% through 4™ Harmonics
0=
1 ......... SRR L e et RIEIRR e g et 3
= F,=100Hz -~ | | ; : | |
St Ny T TR I S . [ —— :
0

a, =2/ 7 =0.6336

- 72-(4k2 _l) ‘ Time 7 (s) h




Fourier Series Synthesis

Ta,
a—y a,
2 a,
a_, a_g d_s| 9-a g 93 a, as as a,
M i ] 1 1
—1F, —5F, —3F, —F, 0 F, 2F, 3F, 4F, 5F, 6F, 1F, /(Hz)
To = Period ) N = Number of Coefficients
i ] {
2 1) Fourier Synthesis
x(t) > Approximate the Signal Xy (1)

e " ——

. j2r (kFo)t

xy(t) = Z uke”"( 0
— 1
Fy, = T Hz k=N
x(1) ()
| | \/\II/\/\/\
—t +—— Y >,
=T 0 T, 2T, : ~T, 0 Ty 2T,
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PULSE WAVE SIGNAL
GENERAL FORM

Defined over one period

1 0<lt|<z/2
0 7/2<|t|<T,/2

X(t) =

x(1) Nonzero DC value
1
} t } t t } f } >
97 T, _To —£ 0% I i 2T, 1
2 2
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Pulse Wave {a,}

Pulse Wave {a,} = sinc

Tol2
_ 1 -1z ITo)(k)t PulseWave
A =7, ,[X(t)e Tt General PulseWave sin(zkz/T,)
Tol2 «(0) = 1 o<|t|<zr2 a, = 07 k=0,+1+2,...
vl2 |0 r/2<]t<T, /2 7K
a =41 jle—j(Zﬂ/To)ktdt
L R Double check the DC coefficient:
12 .
e—j(Zn/To)kt /2 e_j(z;z-/TO)k(rIZ) _e—j(Zﬁ/TO)k(—rlz) a1 lee_j(z”/To)(o)tdt Note IimSIn(ﬂ'kT/To) _)i
=(&)————— = 0 T, y
- (To) ~j(27zITy)k o —j(27)k ° i k—0 7K T0
—7/2 /2
=1 J'ldtzi[z_—_f]:L
T T, L2 2 T
-7/2

~ ei(rr/To)k(r) _e—j(ﬂ/To)k(r) ~ Sin(ﬂ'kr/TO)
- (j2)7k -

kK
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PULSE WAVE SPECTRA

50% duty-cycle (Square) Wave

r=T,12 ,%, =Tof2 r=T,12 >a :sm(ﬂk(TO/Z)/TO) :sm(ﬂk/Z) K=0+142..
7K 7K
T T ; Thus, a,=0 when k is odd
(a) . .
- Phase is zero because x(t) is centered at t=0
r=T,/4 ) different from a previous case
_ PulseWave starting at t=0 1
TiFe (g) 4%, o _k k=+143,...
a 1 < _(_1\K J7
r=T,/16 g e=Tone =)t Oslst o =P
e 7 0 z'£|t|STO j27k .
2 k = O
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PULSE WAVE SYNTHESIS Tri lar W Ti D .
- - - rranguiar ave:. |[Iime bomain
with first 5 Harmonics 9
(a) Pulse Width: 7 =Ty /2
! o ' ﬁ A Defined over one period
r=T,/2 Oﬁu kkkkkkkkkkkk . x(t):|2t/T0| for-T,/2<t<T,/2
—T (l) 7'_0 ZITo
(b) Pulse Width: 7 = Tp/4 x(1) Nonzero DC value
wo [V ST T !
r=T,/4 P RN ﬂ ; m
= 0 0 o | : : N AN
(c) Pulse Width: t = T, /16 _TO _% TO 0 %TO TO 2T0 J
r=To/16 o \omncnd
—To (i) Tlo 2}0
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Triangular Wave {a,}

Triangular Wave {a,}

Time 7 (s)

To/2
—a == [x(t)e ! dt — " —
jook Ty 12| jarkTy /2+1 Jook Ty 12 | — jakTy /2+1
OT_/T20/2 Triangular Wave a =71z [e P %%T(z ) a,glkz ]—%LO% gl (wowoz—koz)]
1° - X(t) =|2t/T,
a, =— J|2t/T0 |e 1Gr o)k gt () ‘ 0‘
_ _ —jrk | jok+1 jrk |- jzk+1
TT/OZ/Z @, =27 T, - ngkz + 1 T (”Zk2 )+ € ( a;zrkz ) 0yl =27
0
jte Mt + 2, j( t)e kgt ===
0
*To/z _ 1 2(-1)* {jnk+1 j;zk+1): 1 (4(71)k )
a = Lejwokt(jwokul)TO/z _Lej%kt(i%ktﬂ)o Kt T Mgkt T Tkt )T K ke
k™ 12 wgk? Ty’ whk? “Ty/2
japk T, /2(]a>0kT0/2+1) ) ( 1 JakT, /2( jwokT0/2+1)) 1 _ Area
To (e 0 \ a)okz a)okz T.2 zkz —€ 0 a)ok2 222 k —i2,i4, DC = :
— -1 ((—1)k ): O k — +1 +3 PeI'IOd
) o ) 7Z'2k2 7Z'2k2 =——J]=—==4]000 T /2
use the indefinite integral '[te Je gt —g ‘“’Ok‘(‘f%"ktjl) ; 1 k=0 =8 =t"=3
x(t)
1
Spectrum, assuming 50 Hz is the , , , { i
—T _1 0 i T My ¢
fundamental frequency ' fo o 70 ’
;Iil.z k — iZ,i4, (a) Sum of DC, 1% and 3" Harmonics
S i oc [
()] :
a =40 k=+1143,.. bl ;
*l k 1 ’ 3 v | : | | |
2 % k:o T0=20m3 0, ......... ,, ........ k , ......... ,
0.01 0.02 0.03 0.04 0.05
) = F, =50Hz
2 (b) Sum of DC, 1%, 31 5t 7t "and 9 Harmonics
3 5 e S T | SN Y :
472 o2 1672 2572 o 1 5
> 2 :
0 50 150 250 350 450 f ! :
0 0.01 0.02 0.03 0.04 0.05
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Full-Wave Rectified Sine {a,}

1 3 .
ak — _J- X(t)e—j(Ziz'/To)ktdt
To Full-Wave Rectified Sine
T, | X(t) =[sin(27t /T,)
= [sin(zt)e ™t
0

Period : T, = T
To L j(xITy)t —j(xITy)t
1 0 ej(ﬂ 0) _e J(” O) D_J(27[/T0)ktdt
= _ e
0 i 2]
i (7 1Ty)(2k=1)t (71 Ty)(2k+1)t
= Je ’ dt — Ie ’ dt

To To

o~ i(e/To)(2k-1)t o~ i(e/To)(2k+1)t

- jZTo(—j(”/To)(Zk—l))‘ B jZTo(—j(”/To)(Zkﬂ))‘
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Full-Wave Rectified Sine {a,}

To To

o~ i(x/To)(2k-1)t o~ i(z/To)(2k+1)t

aq, =

12To(—j(ﬂ/To)(2k—1»‘ 2T, (- j(ﬂ/To)(2k+1))‘

1 (e—j(n/To)(Zk—l)To _1)_ 1

. —i( Tk )T, )
~ 27(2kD) 272k (e i °-1

— 1
— 7(2k-1)

(e—jn(Zk—l) _1)_ 1

7 (2k+1)

(e—jﬂ(2k+l) _1)

(2K —2
:(%)(— (- —1)=m

Half-Wave Rectified Sine

Half-Wave Rectified Sine {a,}

Signal is positive half cycles of sine wave
HWRS = Half-Wave Recitified Sine

x(t)
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Half-Wave Rectified Sine

x(r)
IT

0 17, To Ty !

1 —i(27ITy)kt
a, = jo X(t)e dt  (k = +1)

To/2 . .
_ 2 —j(27/Ty)kt
a, _?OIO sin($~t)e oTdt

To/2 ej(27r/T0)t _ e—j(Zﬂ/TO)t

e—j(Zﬂ'/To)ktdt

Ty a 2j
To/2 To/2
_ 1271 Ty)(k-1)t —j(27ITy)(k+1)t
=50 Je R S Ie o dt
0 0

Ty /2 Ty /2

o~ i(27/To)(k-Dr o2z To)(k+Dt

- jZTO(—j(zmTo)(k—l))‘

12T0<—j(2zz/To)(k+1))‘
29




Half-Wave Rectified Sine {a,}

o~ 1@r/T)(k-Dt To/2 o~ 1@rIT) (kD To/2

a, =

jZTO(—J(zfr/To)(k—l»‘ 2T (- j(zﬂ/m(m»‘

= Zx(k-1) 47 (k+1)

1 jz(k-1) jr(k+1)
47 (k-1) (e _1)_ 47 (k+1) (e _1)
(
0 k odd
K+1— (k—l)I ) +-L _
(47r(k2 1) (- 1) i k=+1
1
= k even

Half-Wave Rectified Sine

1 (e—j(Zﬂ/TO)(k—l)TO/Z _1)_ 1 (e—j(Zn/TO)(k+1)T0/2 _1)

Spectrum, assuming 50 Hz is the

fundamental frequency -
0 k odd
A, a =4 ¥+ k==1
s i
3 s k even
i
37
o = —1 —1
157 3577 @ 907
0 50 100 200 300 400 500 >f
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HWRS Synthesis

Fourier Series Demo

x(1)
IT

—T() — % TO 0 % TO To 2T() t

(a) Sum of DC, 1% and 2"! Harmonics

x,(1)
T Lol swws Nt o smms siwmd afime s suN e ams 3 9we s balhs s oo
T0=20m5 ob—-....... N A N o~ Sy ;
0 0.01 0.02 0.03 0.04 0.05
— F, =50Hz
(b) Sum of DC, 1%, 2nd, 4t gth and 8™ Harmonics
e LN N T N
O R S A N A
2
0b-— o h— e - 4.
0 0.01 0.02 0.03 0.04 0.05
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MATLAB GUI: fseriesdemo

Shows the convergence with more terms

One of the demos in:
http://dspfirst.gatech.edu/matlab/
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fisdemo GUI

Magnitude s

The numb

Phase spectrum
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