
DSP First, 2/e

Lecture 8
Fourier Series & Spectrum

READING ASSIGNMENTSREADING ASSIGNMENTS

 This Lecture:
 Fourier Series in Ch 3, Sect. 3-5

 Other Reading:Other Reading:
 Appendix C: More details on Fourier Series
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LECTURE OBJECTIVESLECTURE OBJECTIVES

 Synthesis SummationSynthesis Summation of Fourier Series Synthesis SummationSynthesis Summation of Fourier Series
 Produces a PERIODIC signal:    x(t+T0) = x(t)

  Neatx tFkj
N

k as)( 02

 Approximation when N is finite. How good?

 Nk

 SPECTRUMSPECTRUM from Fourier Series
 a is Complex Amplitude for k-th Harmonic
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 ak is Complex Amplitude for k-th Harmonic

Harmonic Signal is PeriodicHarmonic Signal is Periodic


tFkj

keatx 02)( 


 Sums of Harmonic 
complex exponentials 
are Periodic signals

k 
are Periodic signals

PERIOD/FREQUENCY of COMPLEX EXPONENTIAL:

  12
PERIOD/FREQUENCY of COMPLEX EXPONENTIAL:

 
0

0
0

00
1or22
F

T
T

F 


Aug 2016 © 2003-2016, JH McClellan & RW Schafer 5

00



Fourier Series ANALYSISFourier Series ANALYSIS
 Some thoughts:Some thoughts:
 Starting from signal, x(t), which frequencies and 

complex amplitudes are required?

 ONLY FOR PERIODIC SIGNALS!

 Two possible analysis methods:
 1. Read off coefficients from inverse Euler’s
 2 Evaluate Fourier series integral 2. Evaluate Fourier series integral 

 Can plot the spectrum for the Fourier Series
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 Equally spaced lines at kF0

STRATEGY 1: )3(sin)( 3 ttx STRATEGY 1: )3(sin)( ttx 
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Example )3(sin)( 3 ttx Example )3(sin)( ttx 
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Don’t use the integral,
Analysis just requires
picking the coefficients. ka

3k
1k1k

3k
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STRATEGY 2:  x(t)  aSTRATEGY 2:  x(t)  ak

 ANALYSISANALYSIS
 Get representation from the signal
 Works for PERIODICPERIODIC Signals Works for PERIODICPERIODIC Signals

 Fourier Series
G Answer is:  an INTEGRAL over one period
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Recall FWRSRecall FWRS
1isPeriod)/2sin()( TTTttx   1201  isPeriod)/2sin()( TTTttx  

Absolute value flips the
negative lobes of a sine wave
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FWRS Fourier Integral  {ak}
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FWRS Fourier Coeffs: akFWRS Fourier Coeffs: ak

 ak is a function of kak is a function of k
 Complex Amplitude for k-th Harmonic

)14(
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k
ak 

 Does not depend on the period, T0

)14( k

 DC value is 6336.0/20  a
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Spectrum from Fourier SeriesSpectrum from Fourier Series

Plot a for F ll Wa e Rectified Sin soidaPlot a   for Full-Wave Rectified Sinusoid
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Fourier Series SynthesisFourier Series Synthesis
 HOW well do you APPROXIMATE x(t) ? HOW well do you APPROXIMATE x(t) ?
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 Use FINITE number of coefficients
N

real is )( when* txaa kk 

tFkj
N

k
keatx 02)( 

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 15
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Reconstruct From Finite Number 
of Harmonic Componentsof Harmonic Components
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)()()( 0N

Full-Wave Rectified Sine   {a }Full-Wave Rectified Sine   {ak}
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 Plots for N=4 and N=9 are shown next
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 Excellent  Approximation for N=9

Reconstruct From Finite Number 
of Spectrum Componentsof Spectrum Components

F ll Wa e Rectified Sin soid )/i ()( TttFull-Wave Rectified Sinusoid )/sin()( 0Tttx 
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Summary of Fourier SeriesSummary of Fourier Series
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SQUARE WAVE EXAMPLESQUARE WAVE EXAMPLE
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0–.02 .02 0.04 t.01

FS for a SQUARE WAVE   {a }FS for a SQUARE WAVE   {ak}
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DC Coefficient:  a0DC Coefficient:  a0
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Square Wave Coeffs:  {ak}Square Wave Coeffs:  {ak}

 Complex Amplitude ak for k-th HarmonicComplex Amplitude ak for k th Harmonic
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 Does not depend on the period, T0

 DC value is 0 5DC value is 0.5
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Spectrum from Fourier Seriesp
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Synthesis: 1st & 3rd Harmonics
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Synthesis: up to 7th Harmonic
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Fourier Synthesis
 )3sin(

3
2)sin(2

2
1)( 00 tttxN 




 32 

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 27

Fourier Series SummaryFourier Series Summary

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 28

Gibbs’ PhenomenonGibbs’ Phenomenon

 Convergence at DISCONTINUITY of x(t) Convergence at DISCONTINUITY of x(t)
 There is always an overshoot

9% f th S W 9% for the Square Wave case
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Fourier Series DemosFourier Series Demos

 MATLAB GUI: fseriesdemo
 Shows the convergence with more terms
 One of the demos in:
 http://dspfirst.gatech.edu/matlab/
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fseriesdemo GUI
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