DSP First, 2/e

Lecture 8
Fourier Series & Spectrum

READING ASSIGNMENTS

This Lecture:
Fourier Series in Ch 3, Sect. 3-5

Other Reading:
Appendix C: More details on Fourier Series
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LECTURE OBJECTIVES

Harmonic Signal is Periodic

of Fourier Series
Produces a signal:  x(t+T,) = x(t)

N o
X(t)= > ae " asN — o
k=—N

Approximation when N is finite. How good?

from Fourier Series
a, iIs Complex Amplitude for k-th Harmonic
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X(t) _ ZakejZﬂkFot

k=—c0

PERIOD/FREQUENCY of COMPLEX EXPONENTIAL:

2 1
27(F))=w, == or T,=—
0 0 TO 0 FO
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Fourier Series ANALYSIS

x(t) = sin®(3xt)

STRATEGY 1:

Some thoughts:

Starting from signal, x(t), which frequencies and
complex amplitudes are required?

ONLY FOR PERIODIC SIGNALS!

Two possible analysis methods:
1. Read off coefficients from inverse Euler’s
2. Evaluate Fourier series integral

Can plot the spectrum for the Fourier Series
Equally spaced lines at kF,
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= sinyar s
T

X(t) = ( )ej9m (—3j)ej3m (Sjje j3ﬂt+( J)e jort
8 8 8
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Example  X(t) = sin®(37t)

STRATEGY 2: x(t) > a,

x(t) = ( j 19m+(_3jjejsm+(3_jjejsm+(—_jje,97,1
8 8 8

Don’t use the integral,
Analysis just requires

Ay

&
picking the coefficients. J;“ q‘;’
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Aug 20 Frequency in Hz

ANALYSIS
Get representation from the signal
Works for PERIODIC Signals

Fourier Series
Answer is: an INTEGRAL over one period

T,

a =+ x(t)e ookt i
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Recall FWRS

FWRS Fourier Integral - {a,}

X(t) = lsin(2zt/T,)|  PeriodisT, = 1T,

sin7t/T))

1T~

12
a, == [ x(t)e 1™t
To 0 Full-Wave Rectified Sine

X(t) =[sin(27t/T))|
Period : T, =5T,

TO
a, = [ sin(£t)e 1™ gt
0 = X(t) =[sin(zt/T,)|

Ty ej(ﬂ/TO)t _ e—j(ﬁ/To)t

AT, 0 T 2T, 1 —j(27ITy)k
:% _ e 1@ ITo)kt g
(a) ; 0 2 J
Absolute value flips the
() negative lobes of a sine wave e—j(ﬂ'/TO)(ZK—l)t Ta e—j(ﬂ/To)(2k+1)t i
I - JZTo(—j(fr/To)(Zk—l))‘ B 12Ty (= j (7 /Ty )(2k+1))
0 0
¥ } } ; — )
_2TO _TO 0 TO 2TO 4T0 t a‘k = —2
Auc (b) 11 A 7[(4k _1) 12

FWRS Fourier Coeffs: a,

Spectrum from Fourier Series

a, is a function of k
Complex Amplitude for k-th Harmonic

L 2
< z(4k?-1)

Does not depend on the period, T,

DC value is @, =2/ 7 = 0.6336
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Plot|a, for Full-Wave Rectified Sinusoid

a =——
k 2
(4k* —1) 2
T
2 i
3 37y
3 5
2 2 15z 157, 2 2
63r |7 o
ARy —3Fy -—3F; —Fp 0 Fo 3F: 3Fs 4AF f
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Fourier Series Synthesis

Reconstruct From Finite Number
of Harmonic Components

HOW well do you APPROXIMATE x(t) ?
TO
_ 1 — (27 Ty)kt
ay =4 j x(t)e dt
0
Use FINITE number of coefficients

N
X(t) = Z:akeﬂ”klzOt a , =a, when x(t) is real
k=—N
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Full-Wave Rectified Sinusoid x(t) =|[sin(zt/T,)|
T,=10ms 2 — -2
—F,=100Hz | ¢ 7x(4k?®-1)

a, =2/ 7 =0.6336

N
XN (t) _ ao + Z{ak ejZ;rkFOt + a;(k e—jZiszot}
k=1

How close is X, (t) to x(t) =[sin(zt/T,)|?
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Full-Wave Rectified Sine {a,}

Reconstruct From Finite Number
of Spectrum Components

2 :
a, =————— Iisreal —valued

72'\(4k2k—1)

N .

Xy (t) = Z 71'(4;%'—1) e
K

=N

— =D -2 Jot -2 ot -2 j2at -2 —j2amt
=Lk e + e + e +”(16_1)e

—z T Z(4-1) 7(4-1) 7(16-1)
_2 2 qlopt 2 Aot 2 pl2at 2 - i2a;t
=7 mC T3 T & T8 Rt
_2 4 4 4
St QCOS(G)Ot) = ECOS(ZC()Ot) = Lpg = mCOS(NO)Ot)

Plots for N=4 and N=9 are shown next
Excellent Approximation for N=9
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Full-Wave Rectified Sinusoid x(t) =|[sin(zt/T,)|

_ (a) Sum of DC and 1% through 4™ Harmonics
T,=10ms

= F,=100Hz w0 |
2
0

a, =2/ 7 =0.6336
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Summary of Fourier Series

Ta,
aq
a_ a,
* a_g a4 ag ag  a,
i [ ] | 1 ]
—1F, —5F, —3F, —F, 0 F, 2F, 3F, 4F, 5F, 6F, 1F, /(Hz)
To = Period N = Number of Coefficients

4 e |

Fourier Synthesis

x(t) > Approximate the Signal Xy (1)
e " ——

. j2r (kFo)t

xy(t) = Z uke”"( 0

— 1
Fy, = T Hz k=N
x(1) XN (1)
| \/\II/\/\/\
—T 0 T, 3T *7I”o I 0 ' fg 2'ITD ok
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SQUARE WAVE EXAMPLE

1 0<t<3T,
X(t) =
0 ST, <t<T,

for T, =0.04 sec.

IR
e 1
.02 0 .01 .02 0.04
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FS for a SQUARE WAVE {a,}

DC Coefficient: ag

T, _
_ Ti [x@e @ Wkgt  (k »0)

{1 0<t<.02
x(t) =
0 .02<t<.04
(02) | 0
_ 1 J(271.04)kt 1 —j(271.04)kt|
Q= Wﬁe dt = A~ jeakT08) © ‘0
0
1 | 1- (-1
L e e PR
(—j27Kk)
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T, _
_ Ti [x@e 1@ ™Mt (k=0)

Tg X(t)
_1 [ x(t)dt = L (Area) 'F

1 .02 .
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0.04
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Square Wave Coeffs: {a,}

Spectrum from Fourier Series

Complex Amplitude a, for k-th Harmonic

a
T j2nk

I )

-

9

"

1

jak
0

A
2

k==+14+3,..
k=+2,44,..

k=0

Does not depend on the period, T,

DC value is 0.5
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T,=0.04 = -] k=+4143,...
7K
@, = 271(0.04) = 27(25) N
k=0
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Synthesis: 1st & 3rd Harmonics

y(t) = 1 + 2 cos(2z(29)t - %) + 2 cos(2z(79)t-7%)
2 7 3

Al
2
J -
T
: —J :
. J -1 = —J —j
J J J — 3 — 7 _J
2 2 e 37 Sm
or, 7, S5 |7 I
~175 75 250 25 75 125 175 225
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Synthesis: up to 7th Harmonic

25

y(t) = 1 + gcos(507zt —22) i5in(1507zt) + isin(2507zt) + isin(3507zt)
2 3z S5z iz

—
1
2
J -/
T
. —J .

. J Py —J —J —j
U PR S =
i 1 T l 57T| | | I l i |9H
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Fourier Synthesis

— Xy (1) = 1 + Esin(a)ot) + isin(3a)0t) +...
2 T 3

Sum of DT 1st and 3rd Harmonics

Amplitude
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Fourier Series Summary

ao
a_1| a
_ as

a_7 a-s a|3 ‘ ‘ | aIS ar a9 ay; aps

' 1 1 1 | 1 1 f
—13fy =Tfo =3fo 0 fo 3fo S5fo 7fo 9 --- 130 [f(H2)
Spectrum Plot

Ty = Period N = Number of Coefficients

'

(ag, kfo) versus f

A

¢

Fourier Analysis Fourier Synthesis
. {ar}
x(1) Extract Sinusoids > Approximate the Signal XN ()
To > N
=17 ,— 27k fot kf } ) - j 27k fot
ap = 7 [ x(t)e™’ ' dt { 0 1 v = Y agel¥ ko
To 0 fo =] TO HZ N

Ax (1) xn (1)
| ] P

\il‘o \4 T t

4

2Ty

=
o

0 % To To 2 To —To 0

Gibbs’ Phenomenon

Fourier Series Demos

Convergence at DISCONTINUITY of x(t)
There is always an overshoot
9% for the Square Wave case

Sum of 1st through 17th Harigonics

Amplitude

0 0.02 0.04 0.06 0.08
Time ¢ (sec)
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MATLAB GUI: fseriesdemo
Shows the convergence with more terms

One of the demos in:
http://dspfirst.gatech.edu/matlab/
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fisdemo GUI

Magnitude s

The numb

Phase spectrum
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