
DSP First, 2/e

Lecture 16
DTFT Properties

READING ASSIGNMENTSREADING ASSIGNMENTS

 This Lecture:
 Chapter 7, Sections 7-2 & 7-3

 Other Reading:Other Reading:
 Recitation: Chapter 7
 DTFT EXAMPLESDTFT EXAMPLES
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Lecture ObjectivesLecture Objectives

 Properties of the DTFT Properties of the DTFT

 Convolution is mapped to Multiplicationpp p

 Ideal Filters: LPF, HPF, & BPF

 Recall:
 DTFT is the math behind the general concept ofDTFT is the math behind the general concept of 

“frequency domain” representations
 The spectrum is now a continuous function of 
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(normalized) frequency – not just a line spectrum

Discrete-Time Fourier Transformsc ete e ou e a s o



 Definition of the DTFT: 
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 Always periodic with a period of 2
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Summary of DTFT PairsSummary of DTFT Pairs
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)ˆ( FrequencyRadian )ˆ( FrequencyRadian 

Properties of DTFTProperties of DTFT

 Linearity Linearity
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 Time-Delay phase shift
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 Frequency-Shift  multiply by sinusoid
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Linearity (Proof)Linearity (Proof)

)()()(][][][ ˆˆˆ  jjj bXXXb  )()()(][][][ 2121
 jjj ebXeaXeXnbxnaxnx 




 njjX  ˆˆ ][)( 


 njjX  ˆˆ ][)(



n

njj enxeX 
11 ][)( 




n

njj enxeX 
22 ][)(

 


 ][][)( ˆ
21

ˆ 

n

njj enbxnaxeX  






   

)()(

][][

ˆˆ

ˆ
2

ˆ
1





jj
n

nj

n

nj

bXX

enbxenax  








June 2016 © 2003-2016, JH McClellan & RW Schafer 10

)()( 21
 jj ebXeaX 

Time Delay Property (Proof)Time-Delay Property (Proof)
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Use Properties to Find DTFTUse Properties to Find DTFT
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Use Properties to Find DTFT (2)Use Properties to Find DTFT (2)


   10  ,1 0nn

0 n
0n










     elsewhere       ,0
12,1

,
][ 00

0

nnnny
02n






 ˆ
sin 02/ˆ)1( 0

 ne nj

)()()(][][][ ˆˆˆˆ
0

0  jnjjj eXeeXeYnnxnxny 

Strategy:



 


 elsewhere     ,0
10 ,1

][ 0nn
nx















2
ˆ

sin

2
sin

)( ˆ




e
eX j

Strategy: 
Exploit Known 
Transform Pair

 



















ˆ

1
2

ˆ
sin

)(

ˆ02/ˆ)1(

ˆ

00



 



jnnj

j
ene

eY
ˆ

June 2016 © 2003-2016, JH McClellan & RW Schafer 13









2
sin ̂20



Frequency ShiftFrequency Shift
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SINC Function – Rectangle  
DTFT pairDTFT pair
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Sinc times sinusoid:
find DTFTfind DTFT
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Frequency shifting up and down 
is done by cosine multiplication
in the time domain
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in the time domain

DTFT maps Convolution to 
MultiplicationMultiplication
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IDEAL LowPass Filter  (LPF)( )

One in the passbandOne in the passband
Zero in the stopband
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Filtering with the IDEAL LPFg
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IDEAL HighPass Filter (HPF)g ( )
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IDEAL BandPass Filter (BPF)( )

One in the passbandOne in the passband
Zero in the 2 stopbands

BPF has two stopbands
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Make IDEAL BPF from LPF
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in the time domain 
   |ˆ|ˆ0

2co

LPF Example 1: x[n] = sincp [ ]
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co3 bn Less than 
Filter’s passband

LPF Example 2: x[n] = sincp [ ]
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3 n Signal bandwidth
Outside of passband

Want to call the DTFT the 
spectrumspectrum
 The DTFT provides a frequency-domain representation The DTFT provides a frequency-domain representation
 The spectrum (Ch. 3) consists of lines at various 

frequencies     , with complex amplitudesk̂ ka
 The spectrum represents a signal        that is the sum of 

complex exponentials
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 In what sense is the DTFT going to give a sum of 
complex exponentials ?
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The Inverse DTFT is “sum” 
of complex expsof complex exps
 The inverse DTFT is an integralThe inverse DTFT is an integral


  


2

0

ˆˆ ˆ)(
2
1][ deeXnx njj

 An integral is a “sum”, i.e., the limit of Riemann sums:
 02

 
1

ˆ
N

Th fi it i t f t f i k)(ˆ 2

 







0

)/2(
2

ˆˆ )(lim][
k

nNkjj

N
eeXnx k 




 The finite sum consists of cexps at frequencies               
with complex amplitudes

kNk )( 2 
)()( 2

ˆ kj
k eXa 




June 2016 © 2003-2016, JH McClellan & RW Schafer 26

 The limit of these “finite spectra” is the inverse DTFT

Example: DTFT SAMPLES 
as a Spectrumas a Spectrum
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