DSP First, 2/e

Lecture 17

DFT: Discrete Fourier
Transform

READING ASSIGNMENTS

This Lecture:
Chapter 8, Sections 8-1, 8-2 and 8-4
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LECTURE OBJECTIVES

Sample the DTFT - DFT

Discrete Fourier Transform

=1 : N-1 _
X[k] — Zx[n]e_J(Zﬂ'/N)kn X[n] :%Zx[k]ej(Zﬂ/N)kn
n=0 k=0

DFT from DTFT by frequency sampling

DFT computation (FFT)

DFT pairs and properties
Periodicity in DFT (time & frequency)
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Want computable Fourier transform
Finite signal length (L)
Finite number of frequencies

T N S

&, =@rIN)k, k=012,...N-1

(RN

k is the frequency index

Periodic: X (e/@?7) = X (e/") = X[k + N]= X[K]
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Want a Computable
INVERSE Fourier Transform

Inverse DFT when L=N

(proof)

Write the inverse DTFT as a finite Riemann sum:

X[n]= IIm Z(x (ei®) Aa))eJ(Zﬁk/N)n

Note that (Aa)) (27r/N) —ﬁ
Propose:
1 N-1 : .
x[n]==> X[k]e!®™*™"  where X[k]= X (e'*)
k=0

This is the inverse Discrete Fourier Transform (IDFT)
N-1

= X[k]= D x[n]e /™" will be forward DFT
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Complex exponentials are ORTHOGONAL

X[n] =

k=0

1 N-1 _
_Z X [k]eJ(Zﬂ/N)kn

1/ N-1
_Z(z X[m]e—j(Z;r/N)km ej(Zn/N)kn

m=0

N-1

k=0
N-1

:i j(27/N)k(n-m)
N > x[m] De
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k=0
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Ze—j(Zn/N)kmej(Zn/N)kn)

=No[n—-m]= {
]i x[n]

N n=m

0O n#m

Orthogonality of Complex
Exponentials

4-pt DFT: Numerical Example

The sequence set: {ei(-?”’N)k”}kN:‘ol forn=01- N -1

1 N-1 ) 1 N-1
_ZeJ(Zﬂ/N)kne—J(Zﬂ/N)mn :_ZeJ(ZMN)n(k—m)
N n=0 N n=0

1 1-
N 1— ei@r/N) (k- m

ai2z(k-m)

1 k=m
0, otherwise

because 0<k,m<N |k—-m|<N
ej27r|
and Iﬂ_[gl ej(27z/N)|:N
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Take the 4-pt DFT of the following signal
X[n]=do[n]+o[n-1] {x[n]}=[110,0]

X[0] = x[0]e ° + x[1]e 1% + x[2]e ° + x[3]e ® =1+1+0+0=2

X [1] = X[0]e 1 + X[1Je /2 + x[2]e 17/ + x[3Je~1%*/2

=1— J :ﬁe—jﬁ/4
X[2]= X0l + X[t + X[2Je~ 2" + X[3le 1 =1-1+0+0=0
X 3] = X[OJe1° + x{TJe1%""2 + x{2le" %" + x(3le” "2

:\/Eejﬂlll
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=1+ j
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N-pt DFT: Numerical Example

4-pt IDFT: Numerical Example

Take the N-pt DFT of the impulse
x[n]=6[n] {x[n]}=[10,0,...0]

X[k]= Z&[n]e J(2m/N)kn

0
:Z y/e i@rINKp _ q

XK} =[L1,1,...1]

Example 66-8: Short-Length IDFT
The 4-point DFT in Example 66-7 is X [k] = {2, ¥/2¢™/™/4 0, V/2¢/™/4}. If we compute the 4-point
IDFT of the sequence X [k], we should recover x[n] when we apply the IDFT summation (66.52) for each
value of n = 0,1, 2, 3. As before, the exponents in (66.52) will all be integer multiples of 77/2 when N = 4.

x[0] = L ( X[0]e/® + X[1]e/® + X[2]e/® + X[3] 'f")

24 V2e A 40+ fd”/“) =1

X[0]e/0 + X [1)7™/2 4 X [2]e’™ + X [3]e/27/?)

2 4+ 2o/ 4 4 f(/(n/4+3x/2)) =lo++H+a-jn=1

=i(
(
=4
( X[0]e/® + X[1]e/™ + X[2)e 12”+X[3]ef3”)
= 4(
(x
(

S N R ST ST T NN

x[1]
x[2]

24 V2T 1 4 V2T S Lot (<1 )+ (-1 - ) = 0

x[3] [0]e7® + X [1]e77/2 + X [2]e/37 + X [3]e/°7/2)

24 V263D | g 4 fd("/“+9"/2)) T+ (l—DH(=14+,)=0

Thus we recover the signal x[n] = {1, 1, 0, 0} from its DFT coefficients, X [k] = {2, +/2¢=/7/4, 0, V2e/7/4},
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Matrix Form for N-pt DFT FFT: Fast Fourier Transform
In MATLAB, NxN DFT matrix is dftmtx(N) FFT is an algorithm for computing the DFT
Obtain DFT by X = dftmtx(N)*x
Fast Fourier transform (FFT) algorithm later Count multiplications (and additions)
X[o] T [1 1 1 1 1 x[0] | For example, when N = 1024 = 210
X[1] 1 el e J4rN g 2NN X[1] ~10,000 ops vs. =1,000,000 operations
X[2] |=|1 e g 1orN g AN/ X[2] ~1000 times faster
[ XIN-1]] [1 e "N g 1N e R J[ XN —11] What about N=256, how much faster?
\ Y / Signal
DFT matrix vector
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Zero-Padding gives denser

FREQUENCY SAMPLING Zero-Padding with the FFT
Want many samples of DTFT Get many samples of DTFT
WHY? to make a smooth plot Finite signal length (L)
Finite signal length (L) Finite number of frequencies (N)
Finite number of frequencies (N) Thus, weneed L<N, N oo, X[k]—> X(e')
Thus, we need L<N, N — oo, X[k]—> X(e'*) In MATLAB
L1 - Use
X (e'™)=> x[nle g »  With less than N
n=0 X » Define
o, =27IN)k, k=012,...N-1 « Take the N-pt DFT of
DFT periodic in k DFT Periodicity In
(frequency domain) Frequency Index
Since DTFT is periodic in frequency, the DFT X[k]= X (e3%) = X (el@=/N)ky
must also be periodic in k k=012,...N-1
X[k]=X (ej(sz)k) X\ % DFT coefficients—— x5,
_ jzIN)(Kk+N)y _ j(zn/N)(k)+(2ﬂ/M _ j(2z/N)k X 7 ox P
X[k . N] - (e )'_ X'(e i ) 8 X(e ) M—N—z Y —N+2“;N M 7Mm 2 -1 0 1 ! : Al/l Nflelez "N k
What about Negative indices and Conjugate e oy T =
Symmetry'? N=32 — 27 T oy 001 0 @y Gr  Gm T 2oy 21—y 27 2rtds O
X (e-1251Nky — x *(g2a/N)ky X [31] = X"[1] X[k +N]= X[k] = X (e!@?) = X (e?)
= X[-k] = X"[k] X[30]= X [2] = X[N —k] = X[-k],

X[N —k] = X "[K] X[29] = X "[3] e.g., X[N —2] = X[-2]
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DFT pairs & properties

Table of DTFT Pairs

Time-Domain: x|[n|

Frequency-Domain: X (e/?)

Recall DTFT pairs because DFT is sampled DTFT §[n] l
See next two SI_Id?S | §ln — ] —Jdng
DFT acts on a finite-length signal, so we can use o
DTFT pairs & properties for finite signals wln] — un — L] ”llf(ilLf“) —id(L-1)/2
sin(5w)
Want DFT properties related to computation sin(wpn) o e =
Tn R ) v l() wp < |o| <m
And, we will concentrate on one more pair: These 3 signals have infihite length 1
. . wipi—ti——ty = >
DTFT and DFT of finite sinusoid (or cexp) | — ge—J®
Length-L signal |
N-pt DFT 1N H] (1h] 1) : )
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Table 8-1 Basic discrete Fourier transform pairs. Table of DTIT Properties
Property Name Time-Domain: x[n] | Frequency-Domain: X (¢/®)

Table of DFT Pairs

Time-Domain: x[n] Frequency-Domain: X|[k]

S[n] I

—jQ@2nrk/N)ngy

Sln —nyl e

sin(1L(2k/N))
re[n] =uln] —uln — L] — : ¢
sin(5(2wk/N))

—JjQrk/N)(L—1)/2

:/)/’ 2mk/N

e/ 2rko/N)n

( T — 72 '\7/]\\" _7(
i’L[I’l] [)/(27(/\ = /\'()\)/x‘\v‘)(’ jlem (s 0)/N)(L—1)

~
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Periodic in &

X(et

:u‘:—zn)) _ X(c,,’u"))

Linearity

axy[n] 4+ bxa(n] aX

(e ":‘) + bX> (el @)

Conjugate Symmetry

x[n] is real

‘X(l,fﬂfl} — X‘*(yjtﬁ)

H=—00

Conjugation x*[n] X*(e/9)
Time.Revorcal P APl 12N
These 3 properties involve cjrcutarindexing - ]
rhl [ 1 — J Wy vy JWy
Frequency Shift x[n]ed @on X(e/(@—0)y
Modulation x[n] cos(dgn) %.X’((}"‘;’*‘;"") + %,\’(c"“""*‘;"'))
Conyolusion wlul o bl \TPVICRN 2 TR LN
oo l T
Parseval’s Theorem Z [x[n])? — [ X/ )2dd
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le 8-2 Basic discrete Fourier transform properties.

Aug 2016

Convolution Property not
the same

Table of DFT Properties
Property Name Time-Domain: x[n]
Periodic x[n] = x[n + N]
Linearity axi[n] + bxy[n]

Conjugate Symmetry

x[n] is real

Conjugation

x*[n]

Time-Reversal

X[((N = n))N]

Delay x[((n —ng))nl

Frequency Shift x[n]e/ Grko/Non

Modulation x[n]cos((2wky/N)n)
N-1

Convolution Z him]x[((n —m))n]

m=0

Parseval’s Theorem

N-1 V-
Z|x[n]|2= D IXk]

n=0

22

Almost true for DFT:
Convolution maps to multiplication of transforms
Need a different kind of convolution
CIRCULAR CONVOLUTION
LATER in an advanced DSP course

Likewise, for Time-Shifting
Has to be circular
Because the “n” domain is also periodic
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Delay Property of DFT

DTFT of a Length-L Pulse

Recall DTFT property for time shifting:
yinl=x[n-n 1< Y (e!?) = X (e1?)e 1o

Expected DFT property via frequency sampling

y[n] = X|N —nd <:>Y[k] — X[k]e—j(Zﬂk/N)nd

Indices such as N — N, must be evaluated

modulo-N because e_j(2”k/N)(nd+N)

:e_J
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(27k IN)ny

24

Know DTFT of finite rectangular pulse
Dirichlet form and a linear phase term
X[n] _ 1 0<n <- L - X eja“)) — Sln(% L,\a’\)) e—jé)(L—l)/Z
0 otherwise Sin(; ) |
Y
DL(aA)) =

sin(% L)
sin(3 w)

Use frequency-sampling to get DFT

= _ _

X [K] = S'h(zlL(Z”k/ N)) - i@akIN)(L-D/2 _ D, (27k I N) e i(Ak/N)(L-D
sin($(27k / N))
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DTFT of a Finite Length
Complex Exponential (1)

DTFT of a Finite Length
Complex Exponential (2)

Know DTFT of finite rectangular pulse

Know DTFT, so we can sample in frequency

Dirichlet form and a linear phase term el®  0<n<lL o SINEL(@= @) oo
- & y[n] = . el?) = gl
X[N] = {1 O<n<L o X (e sin(; Lw) o iB(LD)12 0  otherwise sin(3 (@ — @,))
0 otherwise sin(3a) | Thus, the N-point DFT is /
Y
DL(C’(\)) _ Sm(% Lf"\)) y[ ] {eja)on 0<n<lL
. =) L<n<N Dirichlet Function
Usej:)ornequency-shlft property_ — Y[K]=Y () at DL(&\))=S"_](%1L?A))
y[n] = e 0<n <- L <:>Y(ej(:,) _ Sll-'l(i L(f‘)_foo)) a-i(@-a0)(L-D/2 - sin(% L(272'k &) a2 sin( w)
0 otherwise sin(x (& — @) [k]= Tk e
sin(3 (5%~ — @)
20-pt DFT of Complex 20 -pt DFT of Complex EXp: “on
Exponential the grid”
— X[k -— X, [k] S
=2 A g 4
Lt Lt ¢

?T{NTT??QOQQQQOQQQQ?

hm L '
0 N N " 0 ko N N k
2
— - ~ ionn - 27k 2 Comk o~
¥ [n] = e 0<n<l . nq_sinG L2~ ay)) o ICzt-aevra [y e 0<n < L o« k] = SIN( LW~ @) -ic-an-vrz
1 - 27k 2 2 27rk
0  otherwise ) sin(3 (5 0))’ 0  otherwise ) sin(3 (5 0)),
Y Y
S S
DL(é)):M so the outline is a shifted Dirichlet form Aug 2016 DJ&;):M so the outline is a shifted Dirichlet form 2o
Aug 2016 sin(3 ) 28 sin( w)




50-pt DFT of Sinusoid: zero

padding

RECALL: BandPass Filter (BPF)

MYl o |ST 2N
I BAL |5 =210)=04z] 7
T ? ¢ T
TrszlTI ITI=T17T=TrrT¢T77T=T?TT=II] ITI,T??T, .~
0 ko £ ? N k
Tl {Acos(a)on) 0<n <_ L
0 otherwise
X,[k1=1AD, (&~ &) o1 CR-@)(L-D/2 +1AD, (Z 4+ &) IR (L2

‘\HBp(ejé)) AN -

14

Freguency shifting
up and down is done . —
by cosine multiplication

in the time domain

S

! A A~ A A !
—JT  —Wcoy, —Wcoy 0 Wco; Weo, T

BPF is frequency shifted

e
version of LPF (below) sin(; @y N)

hgs[N] = 2c0S(@;,;4N)
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M (@) n
1
0 |okKa
DTFT i @] €0y
+ — @ _ ~ ~ ~
— o o5 vy & Hgo(e'?) =<1 Wy, <ol o,
0 a, <loir
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50-pt DFT of Sinusoid: zero

padding

NXalk]l

o=

T

Tf?T=ITI

AL

L=20,N =50
@y =22 (10)=0.47

0 ko

ITI=T17T=779;;1111,T11T=II]

2

Zero-crossings of Dirichlet ?
Width of Dirichlet ?
Density of frequency samples?
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?

Thus we have
a simple BPF

hLTnT, .
N k
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