DSP First, 2/e

Lecture 18

DFS: Discrete Fourier
Series, and Windowing

READING ASSIGNMENTS

This Lecture:
Chapter 8, Sections 8-3, 8-5 & 8-6
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LECTURE OBJECTIVES

Review

Discrete Fourier Series for periodic x[n]

= _ N-1 .
ak :_Zx[n]e—J(Zﬂ/N)kn X[n]zzakeJ(ZﬂIN)kn
N n=0 k=0
DFT of one period with scaling by 1/N
gives scaled DFS coefficients
Windowing

extract short sections from long signal
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Discrete Fourier Transform (DFT)

N-1 _ L N .
X[k]= X[n]e—J(Zﬂ'/N)kn x[n] :WZX[k]eJ(ZH/N)kn
k=0

n=0

DFT is frequency sampled DTFT
For finite-length signals
DFT computation via FFT
FFT of zero-padded signal->more freq samples

Transform pairs & properties (DTFT & DFT)
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Comparison: DFT and DTFT

N—

[EEN

Inverse DFT always makes
a periodic signal

Discrete Fourier _ —j(2z/N)kn
Transform (DFT) X[k]=2_ xIn]e

n=0

1% o
_ﬁkz_:x[k]ej(Z /N)kn

Inverse DFT

Discrete-time Fourier
Transform (DTFT)

X (e!”)= ) x[nle7 "
N=—ow
2z 5 A .
Inverse DTFT X[n]:ij‘ X(eja))eja)nda)
27t 90
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Evaluate N-pt IDFT outside of [0,N-1]

N-1
X[n + N] = iz X [k]ej(Zfr/N)k(n+N)
N-1
Z X [k]e 27/ N )kngi@r/N)k(N)

— _Z X[k]ej(Zﬂ/N)kn _ X[n]
N i

Thus the IDFT synthesizes a periodic signal
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Fourier Series for Discrete-
Time Signal

Discrete Fourier Series
Representation (2)

Given a periodic sequence x[n], how do we write it
as a sum of sinusoids (or complex exponentials) ?

Which frequencies? How many? Fundamental ?

Exponentials must have the same period as x|[n],
which is N. There are only N possible exps.

{e‘(z”"’N)”} forn=0,1,---,N -1

ej(O)n ej(2;z/N)n ej(47z/N)n eJ(G;r/N)n

4

pl(@z(N)/N)n
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{0t forn=0,1,+--,N -1

Given the sequence x[n], how

N-1
j(27k /N
x[n]:Zake‘( TN 4o we find a?

k=0

Recall IDFT always synthesizes a periodic x[n]

1 N-1 )
X[n] — _Z X [k]eJ(Zﬂk/N)n
N =

= a, =+ X[K]

So, we find a, by taking the
N-pt DFT of one period of x[n]
and then multiplying by 1/N
Aug 2016
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Discrete Fourier Series
(DFS)

DFT of one period - DFS

N-1 . T
x[n] = ZakeJ(Zﬂ'k/N)n = SYynthesis of a periodic

= signal x[n] = x[n+N]
0 iN_lx[n]e_j(z”k’N)” Find a, by taking N-pt DFT
TN of one period of x[n]
n=0 and then multiplying by 1/N
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Figure 8-12 Periodic sequence x[n] in (8.43) and the corresponding 40-point DFT spectrum X[K]. (a)

Dark region indicates the 40-point interval (starting at n = 0) taken for analysis. (b) DFT magnitude
snectrum (c) DET nhase snectriim

DFS Synthesis Example

How 1s DFS related to
cont-time Fourier Series ?

N-1
X[I’I] _ Zakej(Zﬂ'k/N)n
k=0

{a.}=1{1110,0,0211} forn=01234,56,7
x[n] _eiOn | qi@r/8)n | ej(4ﬁlwmﬂ8)n

Recall negative frequencies in high indices for the DFT
pi@zl®n _ o j((W67—27)/8)n _ o=i(27/8)n

x[n] _lOn | qi@7/8)n | oi(47/8)n | o-i(-47/8)n | o-i(27/8)n
=1+42cos(%£n)+2cos(£n)
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Fourier Series (from Chap. 3)

X(t) = > ael®™ ™ where a =|a e’

k=—o0

Need to obey the Nyquist rate: i.e., band-limited signal

M)
x(t)= > ae!® ™ and f, > 2Mf,
k=—M

M
Then sample  y[n]= > a,e! W% = and f, > 2Mf,
k=—M

M

_ J(27k/N )(n) 2 _

= E a.e , If f = Nf,
k=—M
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Spectrum Analysis of a

How is DFS related to cont-
time Fourier Series (2) Periodic Signal x[n]
B Fourier Series for x(z) 4 i & -
Band-limited Fourier Series (from Chap. 3) e N ‘M
M . ) IR T o B Y . _
X(t) = Z%el(z”kfo)t, and fS > 2|\/|f0 s —Mfo =t (2) /o M fo fs=Nfo /
k=M Recall
. PSRRT R B @ = DES for £n] 20 - ] o i "
Can be sampled thcﬂ) give periodic x[n] of. =w - e o i,ZXk e
— j(27zk/N)(n) (Alias) win | | — (Baseband) — ! (Alias)
X[n] k;Make ’ :—A;—z: —:N :—N{+2:—NE¢—M: } :_}fw t _!2 _1] (') ; é } Al/[ +—t :N—:M: N:—Z: A:/ +—t :k
Compare tO DFS N_lg S 2 - —‘?IJM l ﬂti)z —<It31 (f:’ lf)ll !5'2 I <?)IM i I2n—'(f)Ml2nl—<Dzl o 'ZnJlﬂ?Jz' >
X[n] — ZakeJ(Zﬂ-k/N)n Xf"»x—]f — DFT coefficients: X = X [k] — X
k=0 X> = s XN-2
Same CoefﬁCientsak ..l._An_7| 5 '-/\/'+2”"—N'+M' i n ettt | + ON_IMHOINI_ZI St
Aug 2016 ©2003-2016, JH McClellan & RW Schafer 14 o _ZEH B Jﬂ iﬂgM | _(})2 #‘}“ ((E) il ‘ij | j” | JET HZ”L‘A’MEZ”LA; 2; {2”1 i
_ Von Hann Window (Time
Finite-Length signal (L) with positive values Plot of Length-20 von Hann window
Extractor |Rectangular Window !
Truncator 0 n<o i w[n] ! IHH H“T
w,[n]=<1 0<n<L r n 0 ’TT T?’O-&moa
-5 0 5 10 15 20 25
0 nxL 0 Time Index (n)
von Hann Window (Length L)
0 n<0
[l -+ng]={x[n+n,] 0<n<L ’ "<
w nixjn+n,|=4X{h+n SN<
‘ : : w, [n]=41-Lcos(2z(n+1)/(L+1) O0<n<L
0 n>L
0 n>L
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VVon Hann Window
(Frequency Domain)

Window section of sinusoid,
then DFT

DTFT (magnitude) of Length-20 Hann window

20
j&
ARSI
Ol dma 0 0 0 0 0 0 e N
T ST
0 z T Z 21
(a)
20
0] @
‘Wh((— )| 10
ol o v e e N e g
e L _% 0 % 717

Frequency ()
Aug 2016 (b) 18

Multiply the very long sinusoid by a window

X[n]= Acos(an + —0<N<oo
[n]= Acos(@n +¢) .
Take the N-pt DFT
Finite number of frequencies (N)

Finite signal length (L) = window length

X, (") = iWL[n]x[n]e‘j‘?’n N LiWL[n]X[n]e—JcaKn

N=—00

&, =@zIN)XK, k=012,...N-1

Expectation: 2 narrow spectrum lines =)

DTFT of Windowed Sinusoid
(with different windows)

Change Window Length

DTFT (magnitude) of windowed sinusoid
Length-40 Hann window vs Length-40 Rectangular window
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DTFT (magnitude) of windowed sinusoid.

Length-20 Hann window vs. Length-40 Hann window
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