DSP First, 2/e

Lecture 21

Zeros of H(z) and the
Frequency Domain
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READING ASSIGNMENTS

This Lecture:
Chapter 9, Sects. 9-5 & 9-6

Other Reading:

Examples: Chapter 9, Sects. 9-7 & 9-8
ZEROS (and POLES)
Practical Bandpass Filters
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LECTURE OBJECTIVES

DESIGN PROBLEM

ZEROS and POLES
Relate H(z) to FREQUENCY RESPONSE

H (') =H(2)|,_,:

THREE DOMAINS:
Show Relationship for FIR:

h[n] <~ H (z) <~ H (e’I
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Example:
Design a Lowpass FIR filter (Find b, )

Reject completely 0.7x, 0.8w, and 0.9%
This is NULLING

Estimate the filter length needed to
accomplish this task. How many b, ?

Z POLYNOMIALS provide the TOOLS
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CONVOLUTION PROPERTY

CONVOLUTION EXAMPLE

Convolution in the n-domain

Multiplication in the z-domain

y[n]=h[n]*x[n] < Y(z)=H(z)X(z)

— —

H(z)

X[n]=o[n-1]+25[n-2] h[n]=o[n]-o[n—-1]

yln]=x[n]*h[n] MULTIPLY

z-TRANSFORMS

= ih[k]x[n —K]
k=0 FIR Filter
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y[n] = x[n]*h[n]
H(z)=1-2z"

X(z)=z1+2z77°
Y(2)=(z'+22)1-zY=z +27°-27

y[n]=o[n-1]+o[n—-2]-26[n - 3]
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THREE DOMAINS

FREQUENCY RESPONSE ?

Z-TRANSFORM-DOMAIN
POLYNOMIALS: H(z)

TIME-DOMAIN FREQ-DOMAIN

M . M .
yIn]= > bx[n -] H(e'”)=> be "
k=0 k=0
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Same Form:

j
@ — Domain A =8 J

Z — Domain

- A M - A
H(e!”)=> be
k=0 M
H(z)=>) bz
=0

- A M A~
H(e!”) =D b (e")™
k=0

SAME COEFFICIENTS
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H(z) as ANALYSIS TOOL

ZEROS of H(2)

H(z) is a -VALUED function of a

VARIABLE z.

Shape of H(z), and the Frequency Response, is
dominated by zeros (H(z)=0) and poles (H(z)=«)

Can we use tools of POLYNOMIALS (e.g., roots
and factoring) to make analysis easier?
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H(z)=1-1z"
Find z, where H(z)=0

1-17=07 [/
N

_1_
7 2—O

Hz}

Zero

R{<}

O

Zeroat:z =+
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ZEROS of H(z) - example 2

PLOT ZEROS in z-DOMAIN

Find z, where H(z)=0
Interesting when z is ON the unit circle.

H(z)=1-2z1+22%-77°
H(z)=(1-zY1-z"+272)

Roots:z=1,4+ jB3| |atiz/3
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UNIT Lr
CIRCLE [™~—~
z |3 zEROS
& H(z) =0
= 0 /
‘Bl
E
-05r
3 POLES
_1 -

-1 -0.5 0 0.5 l
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POLES of H(z2)

FREQUENCY RESPONSE ?

Find z, where H(2) > ©

H(z)=1-2z1'+2z7°-27°

73274127 -1

Z3

Three Poles at z=0
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H(z) =

_ Same FcTrm: _ j((’}
@ — Domain /-Z — e
Z — Domalin

VN M VN
H(e!”)=>be ¥

- A M - A
H(e!”) =D b (e')™
k=0

Aug 2016

M
H(z)=) bz
k=0

SAME COEFFICIENTS

ellan & RW Schafer
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FREQ RESPONSE from
System Function

H(e)=H (Z)\ _ié

Relate H(z) to FREQUENCY RESPONSE
H(e'”) =H(z)
EVALUATE H(z) on the UNIT CIRCLE
ANGLE is same as FREQUENCY
z=el’ (as® varies)
definesa CIRCLE, radius =1
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7= "

A

L Sz

z=6®

ANGLE is FREQUENCY
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Evaluate H(z) on Unit Circle

FIR Frequency Response

H(z)=(01+z")(1-05z")

zerosatz=-land z=05

R{z}
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Magnitude of Frequency Response for h[n] = 1,-2,2 -1

H(z)=1-2z"'+2z°-7"

4t —
Zeros of H(e!”)and H(z)
2 -
0 }
-3 2 1 0 1 2 3
Phase Angle of Frequency Response for h[n] = 1,-2,2,-1

4 T T T T T T

2 -

0
2t
-4 I

-2 -1 0 1 2 3

Aug 20 Normalized Frequency (in radians)
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3 DOMAINS MOVIE: FIR

4 MOVIES @ WEBSITE

ZEROS MOVE

]
H(z
& (2)
/
AN H(e')
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http://dspfirst.gatech.edu/chapters/07ztrans/demos/3_domain/index.html

3 DOMAINS MOVIES: FIR Filters

Two zeros moving around UC and inside

Three zeros; one held fixed at z=-1

Ten zeros; 9 equally spaced around UC; one moving

Ten zeros; 8 equally spaced around UC; two moving
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NULLING PROPERTY of H(z)

NULLING PROPERTY of H(z)

When H(z)=0 on the unit circle.
Find inputs x[n] that give zero output

H(z)=1-2z"'+2z7°-77
H(el?)=1-2¢71% 4 2¢712% g 1%

H(z)

— —

X[n] _ ej(7r/3)n
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H(e"®) ="

?

y[n] —H (ej(ﬂ/3)> .ej(7r/3)n

23

Evaluate H(z) at the input “frequency”
H(el?)=1-2e71¢ 4 pg7120 _ 7130
y[n]=H (ejfr/B) Lei(=/3)n
y[n] = (1-2e7 1773 4 2g712713 _g713713) . g1 (x/3)n
(-2G- 1 +2-4- i) - (D)

y[n]= Q-1+ j/3-1- j/3+1)-e!F3¥n =
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FIR Frequency Response

DESIGN PROBLEM

Magnitude of Frequency Response for h[n] =1,-2,2,-1

H(z)=1-2z"'+2z°%-77°
Zeros of H(e1?)and H(2)

-3 -2 -1 0 1 2 3

Phase Angle of Frequency Response for h[n] = 1,-2,2,-1
4 . T . T T
ol
0
-2 -
‘3 2 ) 0 1 2 3

Aug 2 Normalized Frequency (in radians)
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Example:
Design a Lowpass FIR filter (Find b, )
Reject completely 0.7x, 0.8w, and 0.9%

Estimate the filter length needed to
accomplish this task. How many b, ?

Z POLYNOMIALS provide the TOOLS
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NULLING FILTER DESIGN

3 DOMAINS MOVIE: FIR

PLACE ZEROS to make y[n] = 0

Need 6 ZEROS
where H(z) =0

H(z,)=0, forz = el007 EEr iR

X[n] — ej0.87zn — y[n] —H (ejO.Sﬂ')ejO.Sﬂn

6th order FIR has 7 filter coefficients

H(z)=b,+bz +b,z?+bz°+b,z* +b,z° +b,z"°
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ZEROS on
A, .2
UNIT-CIRCLE | & 1415627+ 2 H(z)
= I
né 2 DTFT: MAGNITUDE RESPONSE
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E
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£
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(@]
1
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Real Part
IMPULSE RESPONSE: h[n] DTFT: PHASE RESPOMSE (DEGREES) jc?)
2“..‘..130........:H(e)
1 TIT Wr---4---A —————r———1———1————————r———:r———
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PeZ Demo: Zero Placing

) Pole-Zero GUI —lofx]

File Edit Options Help

One zero, two zeros,

PPl ZZ | le -P | -Z | -Al Add Repeatadly I Addwith Conjugate  Zoom Enable | Click Enable | Unlink | Filter Coefficients | Show Graph |

Pole-Zero Plot

. Pole Location Zero Location

| (-0.97678, 0.17647)
1 Gain  |(-0.97578.-0.17647 )
o i (-0.66159, 049789

. -, T |(-0.86159, -0.48785)
0.5 @ : (-0.65398, 0.75779)
: : 4 (-0.65398, -0.76778 )
Q i
0 Q ------------- e Bt
05 Q |
e = =
-1
Edit | Delete Edit |Delete
-1.5 -
05 4 05 0 05 1 L5

bbb Lo~ o ow
/
ol
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We usually want filters with real coefficients
H(z)=1-az"' = H(2)=0@ z=a

If we want to block sinusoid with ‘@=+0.87z
H(z,)=0 forz =e" %

= H(z2)=27%(z-e%%")(z-e1%%)

=7(5 - L(ejo‘s” + e_jO'S”) +1)

=1-2(c0s0.87)z  +2°=1+1.6182"+12""
h[0]=1 h[1]=1618 h[2]=1
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Block Multiple Frequencies

L-pt RUNNING SUM H(2)

Fa

Want to totally block: aA)l, aA)2 RN ON
H(z) must have zeros at: z = e*1® @@ ... g*i%n
Toblock @ =0 or 7= must have zero at z =1 or -1
So, the general form becomes:
H(z)=(1- z—l)(1/+ z—l)ﬁ (L-e'rz M) (1-e 'z
n=1

to block DC g plock f, /2

On the other hand: Not much control over other frequencies
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L1 —L L
w 1-z z- -1
H(z) = Z K — —
@) kZ_(; 1-z7+ 7z2"'(z-1)
2" -1=0 = z-=1=¢'%¥

7 — @i(2z/L)k

fork=212,...L-1

ZEROS on (z-1) in
UNIT CIRCLE denominator
cancels k=0 term
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11-pt RUNNING SUM H(2)

FILTER DESIGN: CHANGE L

H(z) = (1 — eﬂ”/“Z—l)m _ ej'47r/llz—l)“‘(] . ejZ(};r/'llz—l)

11-Point Running-Sum Filter

Frequency Response of 11-Point Running-Sum Filter
! j 12 T T T
1 O ----- 0, ol
0 X
_ 05 Q 1 &
= ¢ .
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5 A 2
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@ Normalized Frigquency (&/27)
-l O ~© \

NO zero at z=1
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-1 -0.5 0 0.5 1
Real Part

T weo, 1f ‘
0.5 [} : (-] Running
3 : Average
0f @ )? 0.5-| Filter L=10
05| o o
1 0..5.,0 0 \
1 0 1 -3 -2 1 0 1 2
1 090 1 ‘ =
o - o, Passband is
0.5 60 Qb Narrower L=20
0 e QQ 0.5- | for L bigger
=) : o
05/ 7o : ]
] o 0.6.0 o
1 0 1 Omega-Hat
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3 DOMAINS MOVIE: FIR BPF

ZEROS MISSING H (Z)
140618271 -0.61822-2%+
= 2%+ 0.6182° - 0.61827 . 2°
o (o) ; :
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