DSP First, 2/e

Lecture 24
Time-Domain Response
for IIR Systems
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READING ASSIGNMENTS

This Lecture:

Chapter 10, Sects. 10-9, 10-10, & 10-11
Partial Fraction Expansion
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LECTURE OBJECTIVES

CASCADE: Pole-Zero Cancellation

Calculate output from Input
Transient and Steady State Responses
Z-Transform method with Partial Fraction Expansion

SECOND-ORDER IIR FILTERS
TWO FEEDBACK TERMS

yln]=ay[n -1]+a,y[n-2] + kZbKX[n —k]

H(z) can have COMPLEX POLES & ZEROS
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Multiply the z-transforms

(1] vl _ yin]
Hl(z) HZ(Z) y[n]:r)

v[n] = x[n]+ 0.5x[n —1] - 0.5x[n - 2]
H,(z)=1-z"
X[n] = u[n]+ (0.5)"u[n]
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What is Frequency Response?

THREE significant INPUTS

Sinusoid-in gives sinusoid-out
True for LTI systems

Seems to require an infinite-length sinusoid

X[n]=cos(a,n) for|—oo<n<oo

But, real-world sinusoids start at n=0
. cos(a,n) n>0

X[n] = cos(aw,n)u[n] =
[n] = cos(@n)uln] { 0 o

With z-transforms, we can solve this one-sided problem
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Given;

5

—i{H (@)=

1+0.827"

Find the output,

For 3 cases:

y[n]

X[n]

= c0s(0.27n)

X[Nn]

X[n]

=u[n]
= c0s(0.2zn)u[n]
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SINUSOID ANSWER

Step Response: u[n]=2>U(2)

Given: 5
H(z) = ———
(2) 1+0.8z7"

X[n] = cos(0.27zn)

The input:

Theny[n]  |y[n] = M\COS(O.Zﬂn +y)
(ejO'ZE) _ 5 | :\Zglgejo.osgﬂ
1+0.8e 1927
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SHORT TABLE OF z-TRANSFORMS

x[n]

X(2)

axi|n] + bxy[n]
x|n — ng]
yln] = x[n] * hln]
5[n]
5[n — ng)

uln]

1T T1010

aXi(z) +bXs(2)
z7"X(2)
Y(2) = H2)X(2)

1
—HRo

1
1—az™!

<




Step Response: Xx[n] is u[n]

Step Response

Y (Z) =H (Z)X (Z) = (1+ 05_821 j(l—lzlj Product

Partial Fraction Expansion
A B _(A+ B)+(0.8B— A)z™*
1+0.8z" 1-z7 (1+0.8z71)(1-z1)

= (A+B)=5 and (0.8B-A)=0

Y (z) =

A B Need Sum of Terms

Y(2)= +
(2) 1+0.8z27% 1-z7°
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20/9 25/9 | Dothe INVERSE
(Z) = z-Transform of Y(z)

= +
1+0.82% 1-77

y[n] = % (-0.8)"u[n] + %u[n]

y[n] —> é aS N —> oo Whatis DC value of
9

Frequency Response?
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SINUSOID Starting at n=0

SINUSOID Starting at n=0

. 5
Given: [H (2) = Toa

The input:  |X[n] = cos(0.2zn)u[n]

Thenyin] [y[n] = R{h[n] * x[n]}
= R{5(-0.8)"u[n] *e’**™u[n]}

y[n] = Acos(0.2zn + @) + B(—0.8)"u[n]
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y[n] = 9%{5(-0.8)"u[n] *e"**"u[n]}

5 1
Y(z)=H(z2)X(z) = :
(2) (2)X(2) 1+0.821 10?777
(2) = BT, Taae T TR (e’

1408zt 1-el0?ry
2.19-j0.8 281+ j0.8
= o T 027 _-1
1+0.8z 1—el¥77
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SINUSOID Starting at n=0

BONUS QUESTION

5 - N H( i02 )
Y (7) = 1+1.25¢'%%" 1+0.8e”1%%" elbe”
@) 1408z 1-el%77?!
~219-j0.8 281+ j0.8
1408z 1l

y[n] = R{(2.18 - j0.8)(—0.8)"u[n] + 2.92e!%%e102™y[n]}

y[n] = 2.18(-0.8)"u[n] + 2.92c0s(0.27zn + 0.28)u[n]
Transient Steady-State
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Given: 5
H(z) =
(2) 1+0.8z7*

The inputis X[n] =4 cos(zn —0.57)

Then find y[n] y[n] — 9
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CALCULATE the RESPONSE

Signal Axis:
il o = x[k]
L ‘ ‘ . ! ‘ , \ , L k o = h[n-k]
Iln=5 Multiplication Axis:
*[Linear Convolution X[k]h[n-k]
05| T W TT Convolution Axis:
n] = 2x[klh[n-k
A [ 0 e
LS [ .
05} o b
AU -15 -10 —‘5 (I) 5 Tb 1‘5 2‘0 EIE 3‘0

x[n] = e/“"uln]

H(z)

1
1 — eiong—1 /

X(z) =

bo 1
Y(2) = H()X((z) = |- — _ o
1l — a1z ] — elwoz—1

Use the Z-Transform Method
And PARTIAL FRACTIONS
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GENERAL INVERSE Z

SPLIT Y(2) to INVERT

PROCEDURE FOR INVERSE z-TRANSFORMATION (M < N)

1. Factor the denominator polynomial of /(z) and express the pole factors
in the form (1 — pkz_l) fork=1,2....,N.

2. Make a partial fraction expansion of H(z) into a sum of terms of the form
N

H(z) = ZL

where A = H(z)(1 — PkZ_l)l

Need SUM of Terms:

Y(z) = H( )X ) = oL 1
7)) =H(z (Z “\T -z J\7 — ciang

by
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=1 (1 — aiz (1 — etz
3. Write down the answer as \
ZN: ( boay_ )\ ( by )
h[n] — Ak(pk)nu[”] a]_e.,‘fﬂ(} @ ]_—al().'_.h’rlf]
Y = .
k=1 A' (p()le)n (Z) 1 — a]Z—l 1 — ejcu(}z—l
INVERT Y(2) to y[n] TWO PARTS of y[n]
Use the Z-Transform Table TF;ANiIkEI\(IT "
cts Like (pole)" b
QEJ:;'“J“ (_1_ai?_ ;,;JU) Dies out ? J (al) u[n]
Y(z) = 1 = + - = IF |a,|<1 a, —e’™
— _
STEADY-STATE
Depends on the input b -
boa b " .. SinusOi 0 le!*®"u[n
y[n] _ 0 l,mj(J (al)nu[n] _l_ aloe_jdm) eja)oﬂu[n] e g y Sinusoidal 1_ alela’o [ ]

21




STEADY STATE HAPPENS NUMERICAL EXAMPLE

. . Example 8.12 If by =5.a; = —0.8, ¢ vy = 2 /10,
When Transient dies out xample 8.12 If by = 5, 4 = —08, and &y = 27/19

the transient component is

In the Limit as “n” approaches infinity il = ( _08:4 jm) (0.8)"uln] = 2335193 (_0 8y uln]
Can use Frequency Response to get T
Magnitude & Phase for sinusoid = 2.1933(=08)%u[n] — jO.8012(=0.8)"uln]

Similarly, the steady-state component is

bo japn _ A J@gn — > jo.2mn _ 1 01/RJ02781 ,j0.2Tn
ySS [n] —> % e = Vss[n] (1 n 0.86’_-"0‘2‘7) e uln| 2.9188e e uln]
1-ae'™

= 2.9188 cos + 0.2781) u[n] + j2.9188sin (Zn + 0.2781) u[n]
0.0897 =0.2781
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Real Part of Output y[n] for IR Filters b = [5], a =[1. 0.8]
5
SINUSOID starting at n=0 0
| Cosine input L
We'll look at an example in MATLAB cos(0.2znu[n]] s 0 15 20 25
X[n]=cos(0.2xrn)u[n] Transient Real Part of Output y[x] for IR Filiers -
Pole at —0.8, so a" is (—0.8) °f | | | | (-0.8)
There are two components: 0 M
TRANSIENT sk . . ‘ . ‘
Start-up region just after n=0; - 0 : 0 P 20 2
STEADY-STATE S | SLeady—SLaltle Real Part of F)ulpul_v[n] I'(Tr IIR Filters | — O 2
Eventually, y[n] looks sinusoidal. . I ' ' I [ t 1 T T ' TP
-5 Lk | | ) | ) _l
pug 2015 8016 il & R et » , -5 0 5 10 15 20 25

Time Index (n) 2




STABILITY

Stability

When Does the TRANSIENT DIE OUT ?

STEADY-STATE RESPONSE AND STABILITY

A stable system is one that does not “blow up.” This intuitive statement can be formal-

ized by saying that the output of a stable system can always be bounded (|y[n]| < M)
whenever the input is bounded (|x[n]| < M3

y[n] = aiy[n — 1] + box[n]

b
H() = ———
1 —az d 1
hn] = bya} uln] nee ‘al‘ <
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Nec. & suff. condition:

S |h[n] < o0

N=—o

h[n] = b(a)"u[n] < H(2) = —

l1-az™

i‘h[n]‘ = i‘bua‘n < o0 If ‘a‘ <1:> Pol_e at Z:_amust be

Inside unit circle

N=—o0 N=—o0
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STABILITY CONDITION

SECOND-ORDER FILTERS

ALL POLES INSIDE the UNIT CIRCLE
UNSTABLE EXAMPLE:

POLE@Z 1.1

Real Part of Output y[n] for Unstable IIR Filter » = [5], a =[1, -1. 1]
40 '
30 L IX[n]=cos(0.2zn) u[n]

! ,rm,m,rllllnrll”m

Time Index (n)

<

Figure 8.15 Illustration of an unstable IIR system. Pole is at z = 1.1.
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Two FEEDBACK TER*I\/IS
Y[n] — a1y[n _1] +a, y[n - 2]
+ b, X[n] + b,X[n — 1] + b,X[n — 2]

b, +bz " +b,z"
l-az'-a,z”

H(z)=
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MORE POLES

TWO POLES

Denominator is QUADRATIC
2 Poles: REAL

a, * ,!alz + 4a,

or COMPLEX >

b, +bzt+b,z% bz®+bz +b,

H(z) =

-1 -2 2 1
l-az" —a,z 2" —aq,Z" —a,

PROPERTY OF REAL POLYNOMIALS

A polynomial of degree N has N roots. If all the coefficients of the polynomial
are real, the roots either must be real, or must occur in complex conjugate pairs.
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Find Impulse Response ?

Can OSCILLATE vs. n—m—

‘RESONANCE” (pk)n _ (rejﬁ)n _ rnej?;‘

Find FREQUENCY RESPONSE

Depends on Pole Location

Close to the Unit Circle?
Make

r—1?

poleis @ re’?
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Inverse z-Transform?

2nd ORDER z-Transform

IR FILTERS
1-0.45z"
H(z) =
(2) 1-0.9z'4+0.81z°°
H(z) can have & ZEROS
0.5 0.5

H(z) =

- + -
1-0.9e/"3z71  1-0.9e73z71

2 Poles:z =0.9e*/7"3

Aug 2016 © 2003-2016, JH McClellan & RW Schafer

32

h[n]=(0.9)" cos(Zn)u[n] = (0.9)" L (e"™"* + e~ "™"*)u[n]

0.5 0.5
H = . + :
)= o 1m0
. -1
H (2) 1-0.9cos(z/3)z

T (1-0.9e"771)(1-0.9e 77 Y)

1-0.45z7"

H(z) =
(2) 1-09z1+0.8127
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2nd ORDER Z-transform PAIRS

h[n] =r" cos(&n)u[n]

1-rcos(8)z™
H(z) = (—3 22
1-2rcos(@)z " +r°z

h[n] = Ar" cos(én + @)u[n]

cos(@) —rcos(8—)z™"
H(2) = () (_1 §02) 3
1-2rcos(@)z +r°z
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h[n]: Decays & Oscillates

0.5} . 2 .
05}
-1k
1 — time index (n)
E x _ N -
05 h[n] = (0.9)" cos(zn)u[n]
0 Q@ E
-0.5 1-0.45z7"
4 05 H(z)=1 0.9z "
1 . — —0.927+0.81z

2nd ORDER EX: n-Domain

3 DOMAINS MOVIE: IIR

1-0.45z271
H(z)=
(2) 1-0.9z1+0.81z°

y[n]=0.9y[n—-1]-0.81y[n — 2] + x[n] — 0.45x[n —1]

aa = [ 1, -0.9, 0.81 ];

bb = [ 1, -0.45 ];

nn = -2:19;

hh = filter( bb, aa, (hn==0) );

HH = freqz( bb, aa, [-pi1,pi/100:pi] );
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7 IR MOVIES @ WEBSITE

http://dspfirst.gatech.edu/chapters/08feedbac/demos/3_domain/index.html

3 DOMAINS MOVIES: IIR Filters

One pole moving and a zero at the origin

One pole and one zero; both moving

Two complex-conjugate poles moving radially
Two complex-conjugate poles moving in angle
Movement of a zero in a two-pole Filter

Radial Movement of Two out of Four Poles
Angular Movement of Two out of Four Poles
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