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for IIR Systemsy
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READING ASSIGNMENTSREADING ASSIGNMENTS

 This Lecture:
 Chapter 10, Sects. 10-9, 10-10, & 10-11
 Partial Fraction Expansion

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 3

LECTURE OBJECTIVESLECTURE OBJECTIVES
 Calculate output from Input Calculate output from Input
 Transient and Steady State Responses
 Z Transform method with Partial Fraction Expansion Z-Transform method with Partial Fraction Expansion

 SECOND-ORDER IIR FILTERS
TWO FEEDBACK TERMS TWO FEEDBACK TERMS

y[n]  a1y[n 1] a2 y[n  2]  bk x[n  k]
2



 H(z) can have COMPLEX POLES & ZEROS
k0
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CASCADE: Pole-Zero CancellationC SC o e e o Ca ce at o

 Multiply the z-transformsMultiply the z transforms
x[n] )(zH y[n])(zHv[n])(1 zH )(2 zH
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][)5.0(][][ nununx 



What is Frequency Response?q y p

 Sinusoid in gives sinusoid out Sinusoid-in gives sinusoid-out
 True for LTI systems

Seems to require an infinite length sinusoid Seems to require an infinite-length sinusoid
 nnnx for  )ˆcos(][ 0

 But, real-world sinusoids start at n=0


  0)ˆcos(

)ˆ( 0 nn

 With z-transforms we can solve this one-sided problem
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 With z-transforms, we can solve this one-sided problem

THREE significant INPUTSTHREE significant INPUTS

Gi 5 Given:

 Find the output y[n]

18.01
5)( 


z

zH

 Find the output, y[n]
 For 3 cases:

)2.0cos(][ nnx 

][)20cos(][
][][

nunnx
nunx
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][)2.0cos(][ nunnx 

SINUSOID ANSWERSINUSOID ANSWER

Gi 5 Given:
18.01

5)( 


z
zH

 The input: )2.0cos(][ nnx 

)2.0cos(][   nMny Then y[n]

 089.0
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2.0 919.25)( j
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j eeH 
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2.08.01
)( je 

Step Response: u[n]U(z)p p [ ] ( )
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Step Response:  x[n] is u[n]p p [ ] [ ]
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Partial Fraction Expansion
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Need Sum of Terms)( BA

0)8.0(and5)(  ABBA
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Need Sum of Terms
11 18.01

)(  
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Step ResponseStep Response

Do the INVERSE
z-Transform of Y(z)11 1

9/25
801
9/20)(  
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What is DC value of
Frequency Response?

 nny as
9
25][
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9

SINUSOID Starting at n=0SINUSOID Starting at n=0

Gi 5 Given:
18.01

5)( 


z
zH

 The input: ][)2.0cos(][ nunnx 
 Then y[n] ]}[][{][

20

nxnhny
j



]}[][)8.0(5{ 2.0 nuenu njn 

][)80()20(][ BA n
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][)8.0()2.0cos(][ nuBnAny n 

SINUSOID Starting at n=0SINUSOID Starting at n 0

]}[][)80(5{][ 20 njn  ]}[][)8.0(5{][ 2.0 nuenuny njn 
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12.01 18.01   zez j 



SINUSOID Starting at n=0SINUSOID Starting at n 0
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Transient Steady-State

BONUS QUESTIONBONUS QUESTION

Gi 5 Given:
18.01

5)( 


z
zH

 The input is )5.0cos(4][   nnx

Th fi d [ ] Then find y[n] ?][ ny
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Transient & Steady Statey

n)8.0(

 ̂0 
2
10

)(
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CALCULATE the RESPONSECALCULATE the RESPONSE

H(z)

Use the Z-Transform Method
And PARTIAL FRACTIONS
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And PARTIAL FRACTIONS



GENERAL INVERSE ZGENERAL INVERSE Z

(pole)n
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(pole)

SPLIT  Y(z) to INVERTSPLIT  Y(z) to INVERT

N d SUM f T Need SUM of Terms:
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INVERT Y(z) to y[n]INVERT Y(z) to y[n]

 Use the Z-Transform Table
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TWO PARTS of y[n]TWO PARTS of y[n]

 TRANSIENTTRANSIENT TRANSIENTTRANSIENT
 Acts Like (pole)n

Di t ? ][)(10 nuaab n






 Dies out ?
 IF |a1|<1
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 STEADYSTEADY--STATESTATE
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STEADY STATE HAPPENSSTEADY STATE HAPPENS

 When Transient dies out
 In the Limit as “n” approaches infinityy
 Can use Frequency Response to get 

Magnitude & Phase for sinusoid

jjjb ˆˆˆ0 





Magnitude & Phase for sinusoid
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NUMERICAL EXAMPLENUMERICAL EXAMPLE
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2781.0089.0 

SINUSOID starting at n=0SINUSOID starting at n=0

 We’ll look at an example in MATLAB We ll look at an example in MATLAB
 x[n]=cos(0.2n)u[n]
 Pole at –0 8 so an is (–0 8) n Pole at –0.8, so a is (–0.8) 

 There are two components:
 TRANSIENT TRANSIENT
 Start-up region just after n=0;     (–0.8) n

 STEADY-STATESTEADY STATE
 Eventually, y[n] looks sinusoidal.
 Magnitude & Phase from Frequency Response
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Cosine input
][)20cos( nun ][)2.0cos( nun

n)8.0( )(

20ˆ  2.00 
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STABILITYSTABILITY

 When Does the TRANSIENT DIE OUT ?

1need 1 a
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1need 1 a

StabilityStability


 Nec. & suff. condition: 
n

nh ][

1)(][)(][ 
bzHnuabnh n

11
)(][)(][  za

Pole at z=a must be 
Inside unit circle 
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STABILITY CONDITIONSTABILITY CONDITION

ALL POLES INSIDE th UNIT CIRCLE ALL POLES INSIDE the UNIT CIRCLE
 UNSTABLE EXAMPLE: POLE @ z=1.1

][)2.0cos(][ nunnx 
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SECOND ORDER FILTERSSECOND-ORDER FILTERS

 Two FEEDBACK TERMS Two FEEDBACK TERMS
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MORE POLESMORE POLES

D i t i QUADRATIC Denominator is QUADRATIC
 2 Poles: REAL
 or  COMPLEX CONJUGATES

1221 bbbbbb 
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TWO COMPLEX POLESTWO COMPLEX POLES

Fi d I l R ? Find Impulse Response ?
 Can OSCILLATE vs. n

 jnnnjn
k errep  )()( “RESONANCE”

 Find FREQUENCY RESPONSEFREQUENCY RESPONSE
 Depends on Pole Location

@il jp
 Close to the Unit Circle?
 Make BANDPASS FILTERBANDPASS FILTER ?1

@ispole
r

re j
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Inverse z-Transform?

 SECOND ORDER IIR FILTERS SECOND-ORDER IIR FILTERS

21

145.01)(



zzH

 H(z) can have COMPLEX POLES & ZEROS

21 81.09.01
)(   zz

zH
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9.0: Poles2 ez

2nd ORDER z-Transform

][)()90(][)cos()90(][ 3/3/1 nueenunnh njnjnn   ][)()9.0(][)cos()9.0(][ 23 nueenunnh 
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2nd ORDER Z-transform PAIRS
GENERAL ENTRY for
z-Transform TABLE][)(][h n  z Transform TABLE

1)cos(1 zr 

][)cos(][ nunrnh n 
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221)cos(21
)(   zrzr 

h[n]: Decays & Oscillates[ ] y
“PERIOD”=6

  ][cos)90(][ nunnh n 
145.01)(

 z

  ][cos)9.0(][ 3 nunnh 
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21 81.09.01
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2nd ORDER EX: n Domain2nd ORDER EX: n-Domain
14501 
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]1[45.0][]2[81.0]1[9.0][  nxnxnynyny

aa = [ 1, -0.9, 0.81 ];
bb = [ 1, -0.45 ];
nn = -2:19;
hh = filter( bb, aa, (nn==0) );
HH freqz( bb aa [ pi pi/100:pi] );

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 36

HH = freqz( bb, aa, [-pi,pi/100:pi] );

3 DOMAINS MOVIE: IIR

H(z)H(z)

POLE MOVES
)( ̂jeH )(e
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h[n]



7 IIR MOVIES @ WEBSITE7 IIR MOVIES @ WEBSITE
 http://dspfirst gatech edu/chapters/08feedbac/demos/3 domain/index html http://dspfirst.gatech.edu/chapters/08feedbac/demos/3_domain/index.html

 3 DOMAINS MOVIES: IIR Filters
 One pole moving and a zero at the origin One pole moving and a zero at the origin
 One pole and one zero; both moving
 Two complex-conjugate poles moving radiallyTwo complex conjugate poles moving radially
 Two complex-conjugate poles moving in angle
 Movement of a zero in a two-pole Filter
 Radial Movement of Two out of Four Poles
 Angular Movement of Two out of Four Poles
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